Lecture 1: Natural Coordinates

Natural coordinate system is basically a local coordinate system which allows the specification of a
point within the element by a set of dimensionless numbers whose magnitude never exceeds unity.
This coordinate system is found to be very effective in formulating the element properties in finite
element formulation. This system is defined in such that the magnitude at nodal points will have
unity or zero or a convenient set of fractions. It also facilitates the integration to calculate element
stiffness.

3.1.1 One Dimensional Line Elements

The line elements are used to represent spring, truss, beam like members for the finite element
analysis purpose. Such elements are quite useful in analyzing truss, cable and frame structures. Such
structures tend to be well defined in terms of the number and type of elements used. For example, to
represent a truss member, a two node linear element is sufficient to get accurate results. However,
three node line elements will be more suitable in case of analysis of cable structure to capture the
nonlinear effects. The natural coordinate system for one dimensional line element with two nodes is
shown in Fig. 3.1.1. Here, the natural coordinates of any point P can be defined as follows.

N, :l_TX and N, :If (3.1.1)

Where, x is represented in Cartesian coordinate system. Similarly, x/l can be represented as & in
natural coordinate system. Thus the above expression can be rewritten in the form of natural

coordinate system as given below.
N,=1-¢ and N, =¢ (3.1.2)

Now, the relationship between natural and Cartesian coordinates can be expressed from eg. (3.1.1) as

1=l il 019

Here, N; and N, is termed as shape function as well. The variation of the magnitude of two linear
shape functions (N; and N) over the length of bar element are shown in Fig. 3.1.2. This example
displays the simplest form of interpolation function. The linear interpolation used for field variable ¢
can be written as

¢(f):¢1N1+¢2N2 (3.1.4)
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Fig. 3.1.1 Two node line element

Fig. 3.1.2 Linear interpolation function for two node line element

Similarly, for three node line element, the shape function can be derived with the help of natural
coordinate system which may be expressed as follows:
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The detailed derivation of the interpolation function will be discussed in subsequent lecture. The
variation of the shape functions over the length of the three node element are shown in Fig. 3.1.3
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Fig. 3.1.3 Variation of interpolation function for three node line element

Now, if ¢ is considered to be a function of L; and L, the differentiation of ¢ with respect to x for
two node line element can be expressed by the chain rule formula as

do_ 9¢ oL,  9¢ dL, (3.1.6)
dx oL, 9x JL, Ox
Thus, eq.(3.1.4) can be written as

a_le_l and %:1 (317)
OX I ox |

Therefore,
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The integration over the length | in natural coordinate system can be expressed by
p!q!
LAYl = —————1I 3.1.9
[ oL = (3.1.9)

Here, p! is the factorial product p(p-1)(p-2)....(1) and 0! is defined as equal to unity.

3.1.2 Two Dimensional Triangular Elements

The natural coordinate system for a triangular element is generally called as triangular coordinate
system. The coordinate of any point P inside the triangle is x,y in Cartesian coordinate system. Here,
three coordinates, L, L, and L3 can be used to define the location of the point in terms of natural

coordinate system. The point P can be defined by the following set of area coordinates:
4 4z — 43

Ll_A ; LZ_A ; L3—A (3.1.10)
Where,

A;= Area of the triangle P23

A,= Area of the triangle P13

A3= Area of the triangle P12

A=Area of the triangle 123
Thus,

A=A, + 4, + A,
and

Therefore, the natural coordinate of three nodes will be: node 1 (1,0,0); node 2 (0,1,0); and node 3
(0,0,2).
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Fig. 3.1.4 Triangular coordinate system

The area of the triangles can be written using Cartesian coordinates considering x, y as coordinates
of an arbitrary point P inside or on the boundaries of the element:

L 1 x w»n
A= 5[1 Xy Yo
1 x3 y3
1 x y
A = % [1 X2 Y2
1 x3 y3
1 x y
Ay = %[1 X3 Y3
1 x w»n
1 x y
A = %[1 X1 Y1
1 x

The relation between two coordinate systems to define point P can be established by their nodal
coordinates as

1

1 1 171l
x|l=1x; x, x3 LZ] (3.1.12)
y Y1 Y2 YallLs

Where,

X = lel + szz + L3x3



y =Ly + Ly, + L3ys
The inverse between natural and Cartesian coordinates from eq.(3.1.12) may be expressed as

Ly L [2YsTXsY2 Y2 TV Xz X 1
L[ = 22|¥3Y1T XY V3T Y1 X1 T Xz X (3.1.13)
Ly X1Y2=X2Y1 Y1 — Y2 Xz~ X1lly

The derivatives with respect to global coordinates are necessary to determine the properties of an
element. The relationship between two coordinate systems may be computed by using the chain rule
of partial differentiation as

0 o oL, o0 oL, 0 oL,

ox oL, dx OL, dx oL, Ox

b 0 b 0 b 0
2A°0L, 2A 0L, 2A 0L, (3.1.14)

b 9

—/2A 0L,

Where, by =y, —y3; by =y3 —y1 and bz = y1 — y,. Similarly, following relation can be obtained.
d ¢ 0

dy “2A 0L

(3.1.15)

Where, ¢1 = X3 — Xp; C2 = X1 — X3 and Cc3 = X, — X1. The above expressions are looked cumbersome.
However, the main advantage is the ease with which polynomial terms can be integrated using
following area integral expression.

oy aqp r plg'r!
fLeeida= 2A (3.1.16)
A (P+q+r—+2)

Where 0! is defined as unity.

3.1.3 Shape Function using Area Coordinates

The interpolation functions for the triangular element are algebraically complex if expressed in
Cartesian coordinates. Moreover, the integration required to obtain the element stiffness matrix is
quite cumbersome. This will be discussed in details in next lecture. The interpolation function and
subsequently the required integration can be obtained in a simplified manner by the concept of area
coordinates. Considering a linear displacement variation of a triangular element as shown in Fig.
3.1.5, the displacement at any point can be written in terms of its area coordinates.



u=o,lL, +o,L, +a,l,

o, u={o} {a} (3.1.17)
where, {d)}T =[L, L, L,| and {oc}T ={oy @, a,}
And L= L= =2 (3.1.18)

Here, A is the total area of the triangle. It is important to note that the area coordinates are dependent
as L+ L, + Lz =1.It may be seen from figure that at node 1, L; = 1 while L, = L3 = 0. Similarly
for other two nodes: at node 2, L, = 1 while L; = L3 = 0, and L3 = 1 while L, = L; = 0. Now,
substituting the area coordinates for node 1, 2 and 3, the displacement components at nodes can be
written as

u, 1 0O
{ut={u,t=[0 1 0f{a} (3.1.19)
u;] (0 0 1
Thus, from the above expression, one can obtain the unknown coefficient x :
1 0 0)|u,
{a}=[0 1 OHu, (3.1.20)
0 0 1j|u,
Y
N 1(1,0,0)
P
2(0,1,0)
3(0,0,1)

Fig. 3.1.5 Area coordinates for triangular element

Now, eq.(3.1.17) can be written as:



1 0 0fu, 100
{u}={6}'|0 1 ofju,t={o}" [0 1 o{u} (3.1.21)
0 0 1f|u, 0 01

. L . . . T
The above expression can be written in terms of interpolation function as U = {N} {Ui}

Where,

1 00
NV =L, L, Ljo 1 o=[L, L, L (3.1.22)
0 01
Similarly, the displacement variation v in Y direction can be expressed as follows.
v={N}"{v} (3.1.23)

Thus, for two displacement components u and v of any point inside the element can be written as:

T T

{d}={u}= {N}T {O}T {u‘} (3.1.24)
vIH{op (N}

Thus, the shape function of the element will become

L, L, L, 0 0 O

0O 0 O L, L, L,

It is important to note that the shape function N; become unity at node i and zero at other nodes of

the element. The displacement at any point of the element can be expressed in terms of its nodal
displacement and the interpolation function as given below.

u=N,u, + N,u, + N,u,
v=N,v, +N,v, + N,v,

IN]= (3.1.25)

(3.1.26)



Lecture 2: Triangular Elements

The triangular element can be used to represent the arbitrary geometry much easily. On the other
hand, rectangular elements, in general, are of limited use as they are not well suited for representing
curved boundaries. However, an assemblage of rectangular and triangular element with triangular
elements near the boundary can be very effective (Fig. 3.2.1). Triangular elements may also be used
in 3-dimensional axi-symmetric problems, plates and shell structures. The shape function for
triangular elements (linear, quadratic and cubic) with various nodes (Fig. 3.2.2) can be formulated.
An internal node will exist for cubic element as seen in Fig. 3.2.2(c).

=

p

Fig. 3.2.1 Finite element mesh consisting of triangular and rectangular element
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(a) 3-node linear (b) B-node quadratic ) 10-node cubic

Fig. 3.2.2 Triangular elements

In displacement formulation, it is very important to approximate the variation of displacement in the
element by suitable function. The interpolation function can be derived either using the Cartesian
coordinate system or by the area coordinates.
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3.2.1 Shape function using Cartesian coordinates
Polynomials are easiest way of mathematical operation for expressing variation of displacement. For
example, the displacement variation within the element can be represented by the following function
in case of two dimensional plane stress/strain problems.

U=aoy + oo X + aoyy

(3.2.1)

V = a0z + aoX + aogy

(3.2.2)
where ap, 01, 02 ..... are unknown coefficients. Thus the displacement vectors at any point P, in the
element (Fig.3.2.3) can be expressed with the following relation.

o
[ %1 |
1 x 0 0 01])ay
{d}:{z}:[o 00 1 x yH%? (32.3)
Ay
as)
Or, {d}=[ ¢ o } (3.2.4)
¥ 3(x3_,y3)
A
Vv
I—»u 2(x2,y2)

P(x.y)

l(xl,yl)

» X
Fig. 3.2.3 Triangular element in Cartesian Coordinates

Similarly, for “m” node element having three degrees of freedom at each node, the displacement
function can be expressed as

U=ag+ ax + ayy + asx? + agxy + asy?t ..o Aoyt

V= Uy + A1 X + Apgny + A3 X2 + ApyaXy+..... +aym_ 1y (3.2.5)

_ 2 n
W = Oy + A1 X + A2y + Aomy3X” + QopasaXy+..... +a3m-1Y
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Hence, in such case,

u {d}F 0 0
{d} = {”} =[ 0 {@} 0 |{a} (3.2.6)
w 0 0 {¢}

Where, {a}" = [@p @y ...a3m—q]and, [p]" =[1 x y x* xy.... y"]
Now, for a linear triangular element with 2 degrees of freedom, eg. (3.2.3) can be written in terms of
the nodal displacements as follows.

Uq 1 x; y1 0 0 07 /a9

U, 1 x, y 0 0 Of|as

_ u3 _ 1 X3 y3 O 0 O az
{d} - vl - O O O 1 xl yl a3 (3'2.7)

vaJ 00 0 1 x ¥ L%J

U3 [0 0 0 1 X3 Y3l as

Where, {d} is the nodal displacements. To simplify the above expression for finding out the shape
function, the displacements in X direction can be separated out which will be as follows:
1 x ¥y

Uq Qecy
{ui}={u2} = {0‘«1} (3.2.8)
Us 1 x3 y31\0x,

To obtain the polynomial coefficients, {a} the matrix of the above equation are to be inverted. Thus,

1 x »n

71 .
Q 1 X% Y U 1 Xo¥s —X3Y, XY — XY XY, =X Y| |U
Q1= 1 X Y, U2>:£ Y, —Y; Ys— Y, Yi—Y; u,
a,| |1 X Ys| |u,] X3 — X, X, — X, X, =X, ||Us

. a, a, a,|u,]

=—I|b, b, b,l{u
2A 1 2 3 2
C, C, GCgj|Uz)

Y
~—~
w
o
(o)
~

Where, A is the area of the triangle and can be obtained as follows.

1 x ¥
1 % v
1 x5 3

Now, eg. (3.2.1) can be written from the above polynomial coefficients.

A=~ (3.2.10)
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U= ﬁ[(xzy3 - X3y2)+(y2 - y3)X + (X3 — Xz)y]ul
1
+ﬁ[(x3yl o leB) + (ya - yl)X + (Xl - X3)y]u2 (3.2.11)

1
+ﬁ[(xly2 —X,¥,)+ (¥, = Yo )X+ (X, — X, )Y]u,

Thus, the interpolation function can be obtained from the above as:

i[(Xzye, o Xsyz) + (yz o y3)x + (Xs - X2>y]

N |2A
1
{N}= :2 =<ﬁ[(xayl—xlys)Jr(ya—yl)X+(X1—Xs)y] (3.2.12)

3

1
ﬁ[(xlyz - Xzyl) + (yl - yZ)X + <X2 N Xl)y]

Such three node triangular element is commonly known as constant strain triangle (CST) as its strain
is assumed to be constant inside the element. This property may be derived from eq. (3.2.1) and
eq.(3.2.2). For example, in case of 2-D plane stress/strain problem, one can express the strain inside
the triangle with the help of eq.(3.2.1) and eq.(3.2.2):

- ou _ 9oy +oyX +a,y) -

7 ox OX !
_v_dMagtaxragy) (3.2.13)
Yooy oy
ov ou
Ny :&—l—a—y:(xz +a,

CST is the simplest element to develop mathematically. As there is no variation of strain inside the
element, the mesh size of the triangular element should be small enough to get correct results. This
element produces constant temperature gradients ensuring constant heat flow within the element for
heat transfer problems.

3.2.2 Higher Order Triangular Elements

Higher order elements are useful if the boundary of the geometry is curve in nature. For curved case,
higher order triangular element can be suited effectively while generating the finite element mesh.
Moreover, in case of flexural action in the member, higher order elements can produce more
accurate results compare to those using linear elements. Various types of higher order triangular
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elements are used in practice. However, most commonly used triangular element is the six node
element for which development of shape functions are explained below.

3.2.2.1 Shape function for six node element

Fig. 3.2.4 shows a triangular element with six nodes. The additional three nodes (4, 5, and 6) are
situated at the midpoints of the sides of the element. A complete polynomial representation of the
field variable can be expressed with the help of Pascal triangle:

B(X,Y) =0+ X+, Y + o X +axy +agy’ (3.2.14)

3 (0,0,1)

(1,0,0) (0,1,0)
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(a) (b)
Fig. 3.2.4 (a) Six node triangular element (b) Lines of constant values of the area coordinates

Using the above field variable function, one can reach the following expression using interpolation
function and the nodal values.

d)(X’y):;Ni (X%, Y)o, (3.2.15)

Here, the every shape function must be such that its value will be unity if evaluated at its related
node and zero if evaluated at any of the other five nodes. Moreover, as the field variable
representation is quadratic, each interpolation function will also become quadratic. Fig. 3.2.4(a)
shows the six node element with node numbering convention along with the area coordinates at three
corners. The six node element with lines of constant values of the area coordinates passing through
the nodes is shown in Fig. 3.2.4(b). Now the interpolation functions can be constructed with the help
of area coordinates from the above diagram. For example, the interpolation function N; should be
unity at node 1 and zero at all other five nodes. According to the above diagram, the value of L; is 1
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at node 1 and % at node 4 and 6. Again, L; will be 0 at nodes 2, 3 and 5. To satisfy all these
conditions, one can propose following expression:

1
N1(X’Y): Nl(L1’L21L3):L1[L1_E] (3.2.16)

Evaluating the above expression, the value of N; is becoming %2 at node 1 though it must become
unity. Therefore, the above expression is slightly modified satisfying all the conditions and will be as
follows:
1

N, = 2L1[L1 _E] =L,(2L,-1) (3.2.17)
Eq. (3.2.17) assures the required conditions at all the six nodes and is a quadratic function, as L; is a
linear function of x and y. The remaining five interpolation functions can also be obtained in similar
fashion applying the required nodal conditions. Thus, the shape function for the six node triangle
element can be written as given below.

N, =L,(2L, 1)

N,=L,(2L,—1)

N, = Ly (2L, —1) (3.2.18)
N, =4LL,
N, =A4L,L,
N, =4L,L,

Such six node triangular element is commonly known as linear strain triangle (LST) as its strain is
assumed to vary linearly inside the element. In case of 2-D plane stress/strain problem, the element
displacement field for such quadratic triangle may be expressed as

U(X,Y) =+ X+ a,y + X2 + Xy + oy

V(X,Y) =t + o X+ @Y + X + oo Xy + a, Y’ (32.19)
So the element strain can be derived from the above displacement field as follows.
ou
€y :5:041+20ch+0¢4y
ov
€, = By = 0g + QX + 200,y (3.2.20)
ov ou
Ny :&+8_y:u2 + o X + 205y + 0y + 20X + 0y Y

The above expression shows that the strain components are linearly varying inside the element.
Therefore, this six node element is called linear strain triangle. The main advantage of this element is
that it can capture the variation of strains and therefore stresses of the element.
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3.2.3 Construction of Shape Function by Degrading Technique

Sometimes, the geometry of the structure or its loading and boundary conditions are such that the
stresses developed in few locations are quite high. On the other hand, variations of stresses are less
in some areas and as a result, refinement of finite element mesh is not necessary. It would be
economical in terms of computation if higher order elements are chosen where stress concentration
is high and lower order elements at area away from the critical area. Fig. 3.2.5 shows graphical
representations where various order of triangular elements are used for generating a finite element
mesh.

Fig. 3.2.5 Triangular elements with different number of nodes

Fig. 3.2.5 contains four types of element. Type 1 has only three nodes, type 2 element has five
nodes, type 3 has four nodes and type 4 has six nodes. The shape function for 3-node and 6-node
triangular elements has already been derived. The shape functions of 6-node element can suitably be
degraded to derive shape functions of other two types of triangular elements.

3.2.3.1 Five node triangular element

Let consider a six node triangular element as shown in Fig. 3.2.6(a) whose shape functions and nodal
displacements are (N1, N2, N3, N4, N5, Ng) and (u1, Uz, Us, Ug, Us, Ug) respectively. Similarly, for a five
node triangular element as shown in Fig. 3.2.6(b), the shape functions and nodal displacements are
considered as (N1, N’2, N’3, N’4, N’s) and (u’y, U’,, U’3, U4, U’s) respectively. Thus, the displacement
at any point in a six node triangular element will become
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u=N,u, + N,u, + Nyu, + N,u, + N.u, + N.u, (3.2.21)

Where, Ny, Ny, ..., Ng are the shape functions and is given in eq.(3.2.18). If there is no node between

2 and 3, the displacement along line 2-3 is considered to vary linearly. Thus the displacement at an
assumed node 5” may be written as

g Yot Uy
S 9 (3.2.22)
Substituting, the value of u’s for us in eq.(3.2.21) the following expression will be obtained.
— N, + N,u, + Nou, + Nu, + N 228
U= Nu; + Nyu, + Ngug +N,u, +Ng 5 + NegUs (3.2.23)
V3
3 3 T—u»a
4 Vap 4 e
5 T_u,4 6 T—u-s
V1L VzT_.
I 2 iy 5 2 ¢
(a) (b)
Fig. 3.2.6 Degrading for five node element
Thus, the displacement function can be expressed by five nodal displacements as:
N5 NS
U=Nyu, +|N, +7 U, +1 N, +7 U + N,u, + NgUs (3.2.24)

However, the displacement function for the five node triangular element can be expressed as
/ !/ / / /
u = N;u; + Nsu, + Nzu, + Nju, + Ngu, (3.2.25)
Comparing eq.(3.2.24) and €q.(3.2.25) and observing node 6 of six node triangle corresponds to
node 5 of five node triangle, we can write

| N N
Ny =Ny Np =N, =%, Ng=No+=%, Ny =N, an dNg =N (3.2.26)

Hence, the shape function of a five node triangular element will be
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N, =L, (2L, —1)

N, =L, (2L, 1)+ 22k o)
N 4L,L
NG = N+ =5 = Ly (2L —1)+— = = L, (1- 2L, (3.2.27)
N,/ =4LL,
N, =4L,L,

Thus, for a five node triangular element, the above shape function can be used for finite element
analysis.
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Lecture 3: Rectangular Elements

Rectangular elements are suitable for modelling regular geometries. Sometimes, it is used along with
triangular elements to represent an arbitrary geometry. The simplest element in the rectangular
family is the four node rectangle with sides parallel to x and y axis. Fig. 3.3.1 shows rectangular

elements with varying nodes representing linear, quadratic and cubic variation of function.

- i i - i [ -
I I 1 SEERE
. - - = —
(a) 4-[_10:1&.‘ (b} 8-node ( ¢ ) 9-node (d) 12-node (&) 16-node
(Linear) (Quadratic) (Quadratic) {Cubic) (Cubic)

Fig. 3.3.1 Rectangular elements

3.3.1 Shape Function for Four Node Element

Shape functions of a rectangular element can be derived using both Cartesian and natural coordinate
systems. A four term polynomial expression for the field variable will be required for a rectangular
element with four nodes having four degrees of freedom. Since there is no complete four term
polynomial in two dimensions, the incomplete, symmetric expression from the Pascal’s triangle may
be chosen to ensure geometric isotropy.

3.3.1.1 Shape function using Cartesian coordinates

For the derivation of interpolation function, the sides of the rectangular element (Fig. 3.3.2) are
assumed to be parallel to the global Cartesian axes. From the Pascal’s triangle, a linear variation may
be assumed to define filed variable to ensure inter-element continuity.

B(X,Y) = ag+ X+ ay + azxy (3.3.1)
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(x4’y4) 4 3(x3-’y3)

o 2
(x,y) 2b

y
4
11 2a RE
(xlvyl) X (2,32)
» X

Fig. 3.3.2 Rectangular element in Cartesian coordinate

Applying nodal conditions, the above expression may be written in matrix form as

al 1 X Y XYWl

@, _ 1 X Yy XY ||lo (33.2)
08 1 X Y5 XYs||a
&) 1 X Ve XYallog

The unknown polynomial coefficients may be obtained from the above equation with the use of

nodal field variables.
-1

Gl |1 X i XY |4

Q :1 X2 Y2 XY, @, (3.3.3)
@, 1 X Ys XYs 08
% 1 X4 y4 X4y4 ¢4
Thus, the field variable at any point inside the element can be described in terms of nodal values as
A 1 x ¥y Xy -’ o)
O 11X Y, XY, @,
pxy)=1 x y Xxy =1 x y xy
( ) [ ]az [ ]1 X3 Y3 XY; 0}
0/3 1 X4 y4 X4 y4 ¢4 (334)
)
¢
:[Nl N, N, N4] ¢z
o

From the above expression, the shape function N; can be derived and will be as follows.
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e
L=

X =%, Yi— Y,

N2 — X=X Y-V,

X, =X Yo=Y

N. = X—X, Y-Y,

X3 =% Ys— Y,

N4 — X=X Y-V

X4 = X5 Yo=Y

Now, substituting the nodal coordinates in terms of (xi, y1) as (-a, —b) at node 1; (x», y») as (a, —b) at

node 2; (xs, y3) as (a, b) at node 3 and (x4, y4) as (-a, b) at node 4 the above expression can be re-
written as:

N, = (x=a)(y-b)

N, == (x+a)(y-b)

(3.3.5)

4i‘b (3.3.6)
N, :E(x+a)(y+b)

1
N, :rab(x—a)(y+b)

Thus, the shape function N can be found from the above expression in Cartesian coordinate system.

3.3.1.2 Shape function using natural coordinates

The derivation of interpolation function in terms of Cartesian coordinate system is algebraically
complex as seen from earlier section. However, the complexity can be reduced by the use of natural
coordinate system, where the natural coordinates will vary from -1 to +1 in place of —a to +a or -b to
+b. The transformation of Cartesian coordinates to Natural coordinates are shown in Fig. 3.3.3.
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)

4(-1,1) 3(1,1)

~p— e =
l j
Je

4 :
Ay
y Jv 2 1(-1,-1) 2(1,-1)
T
X =
< X >
(a) Transformation of Cartesian to natural coordinate (b) Natural coordinates at nodes

Fig. 3.3.3 Four node rectangular element

From the figure, the relation between two coordinate systems can be expressed as

E= X=X and 7= y-y (3.3.7)
a b
Here, 2a and 2b are the width and height of the rectangle. The coordinate of the center of the

rectangle can be written as follows:

x=X1%  gpg yoNt¥s (3.3.8)

2
Thus, from eq. (3.3.7) and eq.(3.3.8), the nodal values in natural coordinate systems can be derived
which is shown in Fig. 3.3.4(b). With the above relations variations of ¢& » will be from -1 to +1.
Now the interpolation function can be derived in a similar fashion as done in section 3.3.1.1. The
filed variable can be written in natural coordinate system ensuring inter-element continuity as:

A& )= ap + &+ an+ oyl (3.3.9)

The coordinates of four nodes of the element in two different systems are shown in Table 3.3.1 for
ready reference for the derivation purpose. Applying the nodal values in the above expression one
can get

al 1 -1 -1 1||q

Bl 11 -1 1|y

ol 11 1 1]y

ol 1 -1 1 -—1|a

(3.3.10)
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Table 3.3.1 Cartesian and natural coordinates for four node element

Node Cartesian Coordinate Natural Coordinate
X y g n
1 X1 Y1 -1 -1
2 Xo Y2 1 -1
3 X3 Y3
4 Xa Ya -1 1

Thus, the unknown polynomial coefficients can be found as

a] 1 -1 -1 174 1 11 1][a
| 11 -1 -1 |¢| 1/-1 1 1 -1

1

= == (3.3.11)
ol 11 1 1| |a| 4-1 -1 1 1]|4
a| |1 -1 1 -1 |¢, 1 -11 -1|¢
The field variable can be written as follows using eg.(3.3.9) and eq.(3.3.11).
Qg 1 1 1 1i|¢
2 11-1 1 1 -1]|g,
1) =[1 =N =
o(&m)=[L & n & 2 L& gl 4
1 -11 -1
“ 2 (3.3.12)
o)
P
:[Nl N, N, N4] é
X
Where, N; are the interpolation function of the element in natural coordinate system and can be
found as:
(1-9=7)
4
N, (1—1—5)(1—77)
N
N =] 2] 4 . (3.3.13)
Nyl |1+ &)1+ )
N, 4
(L-9(E+n)
4
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3.3.2 Shape Function for Eight Node Element

The shape function of eight node rectangular element can be derived in similar fashion as done in
case of four node element. The only difference will be on choosing of polynomial as this element is
of quadratic in nature. The derivation will be algebraically complex in case of using Cartesian
coordinate system. However, use of the natural coordinate system will make the process simpler as
the natural coordinates vary from -1 to +1 in the element. The variation of filed variable ¢ can be
expressed in natural coordinate system by the following polynomial.

P& m)= o+ €+ an+ 08 + a,én+ as1f + e+ &if (3.3.14)
It may be noted that the cubic terms & and n° are omitted and geometric invariance is ensured by

choosing the above expression. Fig. 3.3.4 shows the natural nodal coordinates of the eight node
rectangle element in natural coordinate system.

The nodal field variables can be obtained from the above expression after putting the coordinates at
nodes.

(4] 1 -1 -1 1 1 1 -1 —1][a,]
Bl 11 11 11 -1 1||lq
sl L1 111 1 1 1|
Gl 1 -1 1 1 11 1 -1
{a}=1 1= 1o r=1A{a} (3.3.15)
s L 0O =10 0 1 0 O0|la
%l 1 1 0 1 0 0 0 Ol
#l 1 0 1 0 0 1 0 O0fq
4] 1 -1 1 0 0 0 O0fa]
4
]]:+]n J 3

3 2

E=-1 =0 E=+1
Fig. 3.3.4 Natural coordinates of eight node rectangular element

Replacing the unknown coefficient a; in €q.(3.3.14) from eq.(3.3.15), the following relations will be
obtained.
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slen)=[LEne epof En ef|[A {4}

-1 -1 -1 -1 2 2 2 2][a]
0O 0 0 0O 0 2 —2|| &,
0 0 0 0 -2 0 2 O0}|p
fene gy € 52]11 1 1 1 -2 0 -2 0f|a
TESTS SISy 101 10 0 0 o0fla
1 1 1 1 0 -2 0 -=-2/|¢
-1 -1 1 1 2 0 -2 0]}|g
-11 1 -1 .0 -2 0 2]||¢]
)
o
o)
_ o
=[N, N, N; N, Ny Ng N, N
23
P
¢
% (33.16)
Thus, the interpolation function will become
N o A=) (=E=n=1), | (YA n)(E=n-1).
1 4 ) 2 4 '
N = QA+ n(E+n-1) (L= A+n) (=4 -1
3 4 y INg — 4 )
(090901 | _@+Ha+na-n).
57 2 ’ 6 2 ’
0+ 00-90+n) | (-g@+n)0-2
' 2 e 2 (3.3.17)

The shape functions of rectangular elements with higher nodes can be derived in similar manner
using appropriate polynomial satisfying all necessary criteria. However, difficulty arises due to the
inversion of large size of the matrix because of higher degree of polynomial chosen. In next lecture,
the shape functions of rectangular element with higher nodes will be derived in a much simpler way.
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Lecture 4: Lagrange and Serendipity Elements

In last lecture note, the interpolation functions are derived on the basis of assumed polynomial from
Pascal’s triangle for the filed variable. As seen, the inverse of the large matrix is quite cumbersome
if the element is of higher order.

3.4.1 Lagrange Interpolation Function
An alternate and simpler way to derive shape functions is to use Lagrange interpolation polynomials.
This method is suitable to derive shape function for elements having higher order of nodes. The
Lagrange interpolation function at node i is defined by
e E-8) (€= )(E =) (=) (E—C)(E-80)
f©) =11 .
(6—€) (& —€)(& =€) (& =& 1 )(& = &) (& =€)

- (3.4.1)

The function f; (£) produces the Lagrange interpolation function for i™ node, and & denotes &
coordinate of j™ node in the element. In the above equation if we put & = &, and j #1, the value of the
function fi(§) will be equal to zero. Similarly, putting & = &;, the numerator will be equal to
denominator and hence fi(€) will have a value of unity. Since, Lagrange interpolation function for i
node includes product of all terms except j" term; for an element with n nodes, fi(€) will have n-1

degrees of freedom. Thus, for one-dimensional elements with n-nodes we can define shape function

as N;(€) =1, (€).

3.4.1.1 Shape function for two node bar element

Consider the two node bar element discussed as in section 3.1.1. Let us consider the natural
coordinate of the center of the element as 0, and the natural coordinate of the nodes 1 and 2 are -1
and +1 respectively. Therefore, the natural coordinate & at any point x can be represented by,

Fig. 3.4.1 Natural coordinates of bar element
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The shape function for two node bar element as shown in Fig. 3.4.1 can be derived from eq.(3.4.1) as
follows:

(€-¢) (-1 1
6 o) 1@ 2 Y
(€-&) (e+1) 1 (3.4.3)

A G I T L

N1 = fl(i) =

Graphically, these shape functions are represented in Fig.3.4.2.

Fig. 3.4.2 Shape functions for two node bar element

3.4.1.2 Shape function for three node bar element
For a three node bar element as shown in Fig. 3.4.3, the shape function will be quadratic in nature.

These can be derived in the similar fashion using eq.(3.4.1) which will be as follows:

(e-€)(E—8) _ ©E-1) ~Lee )

Nl(ﬁ)zfl(ﬁ): (gl _gz)(gl _§3> <_1)(_2) 2

o o (i_&)(g_ga) _(§+1)(§—1)_ _¢2
NZ(g)JZ(E")_(iz—&l)(‘éz—ig)_ D7 =(1-¢) (3.4.4)

(E-&)E-E) (E+9E) 1

M= e P 2o
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2
g = £ =0 §=+1

Fig. 3.4.3 Quadratic shape functions for three node bar element

3.4.1.3 Shape function for two dimensional elements

We can derive the Lagrange interpolation function for two or three dimensional elements from one
dimensional element as discussed above. Those elements whose shape functions are derived from
the products of one dimensional Lagrange interpolation functions are called Lagrange elements. The
Lagrange interpolation function for a rectangular element can be obtained from the product of
appropriate interpolation functions in the & direction [fi(§ )] and n direction [fi(n)]. Thus,

N, (&,m)=f,(&)f,(n) Where,i=1,23, ..., n-node (3.4.5)

The procedure is described in details in following examples.

Four node rectangular element
The shape functions for the four node rectangular element as shown in the Fig. 3.4.4 can be derived
by applying eq.(3.4.3) eq.(3.4.5) which will be as follows.

N, (€m)="F,(€)f,(n) = é __2)) ((71:122)) (3.4.6)
_ (e-1) ”

(n-1 _1
_—1—(1)X—T1]—(1)_Z(l_g)@_“)

Similarly, other interpolation functions can be derived which are given below.
1
N, (&)=, ()fy(n) =7 {2+€){2—n)
1
N;(&m)="F,()f, (n) = Z(L+€)(L+n) (3:47)

N, () = (€)f, ()= (1) (1+n)

These shape functions are exactly same as eq.(3.3.13) which was derived earlier by choosing
polynomials.
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AN
4 3
T =+1
W] = C
n=-1
1 2
i
L]
g =1 0 g =+1

Fig. 3.4.4 Four node rectangular element

Nine node rectangular element

In a similar way, to the derivation of four node rectangular element, we can derive the shape
functions for a nine node rectangular element. In this case, the shape functions can be derived using
eq.(3.4.4) and eq.(3.4.5).

N, (&)= (€)f (1) = 26 ~1)xn(n—1) = 3€n (e ~1)(n—1) .
In a similar way, all the other shape functions of the element can be derived. The shape functions of

nine node rectangular element will be:
N =Z€(E-D(n-1, N, =€n(e+D(n-1)
N, =€ +D(n+1). N, =Z€n(€-1)(n+D

stén(l—gz)(n—l), Ne ==£(§+1)(1—n’) (3.4.9)
1
2

N, = n<1_§2)(n+1)’ Ng =

Ng=(1-¢°)(1-n?)
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4 7

n=tl¢ 3
UT_»

n=0 ¢ 8% 9 : 26

n=-1¢ 3 )

-y 0 E=+1

Fig. 3.4.5 Nine node rectangular element

Thus, it is observed that the two dimensional Lagrange element contains internal nodes (Fig. 3.4.6)
which are not connected to other nodes.

Linear element

Quadratic element

Cubic element

Fig. 3.4.6 Two dimensional Lagrange elements and Pascal triangle

3.4.2 Serendipity Elements

Higher order Lagrange elements contains internal nodes, which do not contribute to the inter-
element connectivity. However, these can be eliminated by condensation procedure which needs
extra computation. The elimination of these internal nodes results in reduction in size of the element
matrices. Alternatively, one can develop shape functions of two dimensional elements which contain
nodes only on the boundaries. These elements are called serendipity elements (Fig. 3.4.7) and their
interpolation functions can be derived by inspection or the procedure described in previous lecture
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(Module 3, lecture 3). The interpolation function can be derived by inspection in terms of natural

coordinate system as follows:
(@) Linear element

N, (&,n)=%(l+§§i)(l+ m;)

(b) Quadratic element
(i) For nodes at ¢ = 41, =41

Ni(i,n)Z%(lJr&&i)(H ;) (€8 +mm; —1)
(i)  Fornodesat ¢ =+1, m=0
Ni(i,n)=%(1+§§i)(l+n2)
(iif)  Fornodesat ¢ =0, =41
N, (€)= (1-€)2+ )

(c) Cubic element
(i) For nodes at ¢ = 41, =41

N, (61) = S(14+€6,)(L+ ) [8(& + 1) ~10

(i) For nodes at £ =41, n:i%

N, (€,1) = 5 (L+ €6 (L= 1°)(2+9m)

And so on for other nodes at the boundaries.

(3.4.10)

(3.4.11a)

(3.4.11b)

(3.4.11c)

(3.4.12a)

(3.4.12b)
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- - L

Linear element

Quadratic element

Cubic element

Fig. 3.4.7 Two dimensional serendipity elements and Pascal triangle

Thus, the nodal conditions must be satisfied by each interpolation function to obtain the functions
serendipitously. For example, let us consider an eight node element as shown in Fig. 3.4.8 to derive
its shape function. The interpolation function N; must become zero at all nodes except node 1, where
its value must be unity. Similarly, at nodes 2, 3, and 6, & = 1, so including the term & — 1 satisfies the
zero condition at those nodes. Similarly, at nodes 3, 4 and 7, # = 1 so the term » — 1 ensures the zero
condition at these nodes.

n=+1¢ : z 3
n

n=0 ¢ 8% T_'g 26

n=-1¢ : )

£=-1 £=0 E=+1

Fig. 3.4.8 Two dimensional eight node rectangular element

Again, at node 5, (&, ) = (0, —1), and at node 8, (&, ) = (-1, 0). Hence, at nodes 5 and 8, the term (¢
+ 5 + 1) is zero. Using this reasoning, the equation of lines are expressed in Fig. 3.4.9. Thus, the
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interpolation function associated with node 1 is to be of the form N, = ¢ (n—1)(¢—1)(&+ n+1)

where, v IS unknown constant. As the value of N; is 1 at node 1, the magnitude unknown constant
y1  will become -1/4. Therefore, the shape function for node 1 will become

N, = _%(1_ 1= )(E+ n+).

Similarly, y, will become -1/4 considering the value of N, at node 2 as unity and the shape function
1
for node 2 will be N,=4,(n—1)({+1)(E—n-1)= —Z(1+ &(1-n)(E=n-1). In a similar

fashion one can find out other interpolation functions from Fig. 3.4.9 by putting the respective values
at various nodes. Thus, the shape function for 8-node rectangular element is given below.

1

N =3Ot en), =€) )
N, =1+ €)1-n)a—t+n),  Ny=={1+&)1—?),

;‘ f (3.4.13)
Ngz—z(1+g)(1+n)(1—g—n), N7:§(1—£2)(1+ﬂ),

N, =31 €)(1+ m)L+ €~ n)and N, = (1 €)(1- v°)
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It may be observed that the Lagrange elements have a better degree of completeness in polynomial
function compare to serendipity elements. Therefore, Lagrange elements produce comparatively
faster and better accuracy.
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Lecture 5: Solid Elements

There are two basic families of three-dimensional elements similar to two-dimensional case.
Extension of triangular elements will produce tetrahedrons in three dimensions. Similarly,
rectangular parallelepipeds are generated on the extension of rectangular elements. Fig. 3.5.1 shows
few commonly used solid elements for finite element analysis.

(g) 8 Nodes

Fig. 3.5.1 Three-dimensional solid elements

Derivation of shape functions for such three dimensional elements in Cartesian coordinates are
algebraically quite cumbersome. This is observed while developing shape functions in two
dimensions. Therefore, the shape functions for the two basic elements of the tetrahedral and
parallelepipeds families will be derived using natural coordinates.

The polynomial expression of the field variable in three dimensions must be complete or incomplete
but symmetric to satisfy the geometric isotropy requirements. Completeness and symmetry can be
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ensured using the Pascal pyramid which is shown in Fig. 3.5.2. It is important to note that each
independent variable must be of equal strength in the polynomial.

Fig. 3.5.2 Pascal pyramid in three dimensions

The following 3-D quadratic polynomial with complete terms can be applied to an element having
10 nodes.

B(& 1) = ap+ il + agnt ol + a8 +agrf +a,C’ + aint o+ 0l (55

However, the geometric isotropy is not an absolute requirement for field variable representation to
derive the shape functions.

3.5.1 Tetrahedral Elements

The simplest element of the tetrahedral family is a four node tetrahedron as shown in Fig. 3.5.3. The
node numbering has been followed in sequential manner, i.e, in this case anti-clockwise direction.
Similar to the area coordinates, the concept of volume coordinates has been introduced here. The
coordinates of the nodes are defined both in Cartesian and volume coordinates. Point P(x, y, and z)
as shown in Fig. 3.5.2 is an arbitrary point in the tetrahedron.
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4 (‘r;;'s,v;\ls 24)
(0,0,0,1)

3 (-’(:4 » V3s 23 )
(0,0,1,0)

1
(-’(11.‘!1121]
(1,0,0,0)

2
(%, 75.2,)
(0,1,0,0)

Fig. 3.5.3 Four node tetrahedron element

The linear shape function for this element can be expressed as,

{N}T =[L L L L] (3.5.2)
Here, L, L,,L;,L, are the set of natural coordinates inside the tetrahedron and are defined as follows
Vi
v (35.3)

Where V; is the volume of the sub element which is bound by point P and face iand V is the total
volume of the element. For example L; may be interpreted as the ratio of the volume of the sub
element P234 to the total volume of the element 1234. The volume of the element V is given by the
determinant of the nodal coordinates as follows:

1 1 1 1
Y 1 X X X,
6ly: Y2 Vs Vu (3.5.4)

z, 7, 1 1,

The relationship between the Cartesian and natural coordinates of point P may be expressed as

1 1 1 1 1]}
X [ X X X X ||k
y Yo Yo Ys Yal|bLs (3.5.5)
Z 2, 1, 1, 1,||L,

It may be noted that the identity included in the first row ensure the matrix invertible.
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L+L+L+L,=1

(3.5.6)
The inverse relation is given by
L, V, a b ¢ |1
L| 1|V, a b, ¢, ||x
L[ ev|v, a b, c ||y (3.5.7)
L, V, a, b, c, ||z

Here, V. is the volume subtended from face iand terms a;,b;,and c,represent the projected area of
face i onthe X, Y,z coordinate planes respectively and are given as follows:
a =Y —2y)+ @y -2y + @y, -7;%)
b, =(z;% —2,%;) + (2, X, —7,;X) +(Z,X; = 2;X)
Ci = (X = YiX)) + (VX = YiXi ) + (Y, X = ¥%)
i, j,k,I will be in cyclic order (i.e., 1> 2 - 3 > 4 - 1). The volume coordinates fulfil all nodal

conditions for interpolation functions. Therefore, the field variable can be expressed in terms of
nodal values as

¢(X: Y, Z) =La+Lao+Lao+Le (3.5.9)

Though the shape functions (i.e., the volume coordinates) in terms of global coordinates is
algebraically complex but they are straightforward. The partial derivatives of the natural coordinates
with respect to the Cartesian coordinates are given by

(3.5.8)

oL _ & oL _ b o ¢
X 6V’ oy 6V’ oz 6V (3.5.10)
Similar to area integral, the general integral taken over the volume of the element is given by,
fs p!gtr!s!
LPLILLL,dV = .
! P (p+q+r+s+3)! (3.5.11)

The four node tetrahedral element is a linear function of the Cartesian coordinates. Hence, all the
first partial derivatives of the field variable will be constant. The tetrahedral element is a constant
strain element as the element exhibits constant gradients of the field variable in the coordinate
directions.

Higher order elements of the tetrahedral family are shown in Fig. 3.5.1. The shape functions for such
higher order three dimensional elements can readily be derived in volume coordinates, as for higher-
order two-dimensional triangular elements. The second element of this family has 10 nodes and a
cubic form for the field variable and interpolation functions.

+4++++++H++H++

3.5.2 Brick Elements
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Various orders of elements of the parallelepiped family are shown in Fig. 3.5.1. Fig. 3.5.4 shows the
eight-node brick element with reference to a global Cartesian coordinate system and then with
reference to natural coordinate system. The natural coordinates for the brick element can be relate
Cartesian coordinate system by
R b T R et (35.12)
a b C

Here, 2a, 2b and 2c are the length, height and width of the element. The coordinate of the center of
the brick element can be written as follows:

yl+y4 Zl+25

X=——=, V= and 7= (3.5.13)

Thus, from eq.(3.5.12) and eq.(3.5.13), the nodal values in natural coordinate systems can be derived
which is shown in Fig. 3.5.4(b). With the above relations variations of & n& ¢ will be from -1 to +1.
Now the interpolation function can be derived in several procedures as done in case of two

dimensional rectangular elements. For example, the interpolation function can be derived by
inspection in terms of natural coordinate system as follows:

1
N, (€m,0) = 5{L+E8)(A+m))(1+G) (3.5.14)
5 . (-1.1_.1]
Iflr 1 / n o,
y 1) ./ |28 / Vo
49— “ {-1,1-1) ¢ =
e —————e 6 ]

(b) Matural coordinates
ia) Carteslan coordinates

Fig. 3.5.4 Eight node brick element

By using field variable the following terms of the polynomial may be used for deriving the shape
function for eight-node brick element.

(& 1.C) = ag + €+ o+ o+ a,En+ ag ¢ + g€+ ar(né (3.5.14)

The above equation is incomplete but symmetric. However, such representations are quite often used
and solution convergence is achieved in the finite element analysis. Again, the shape functions for
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three dimensional 8-node or 27-node brick elements can be derived using Lagrange interpolation
function. For this we need to introduce interpolation function in the {-direction. Thus, for example,
the Lagrange interpolation function for a three dimensional 8 node brick element can be obtained
from the product of appropriate interpolation functions in the &, n and ( directions. Therefore, the

shape function will become
N, (&m,Q)="F (&) (n)f, (C) Where,i=123, ...., n-node (3.5.15)

Thus using the Lagrange interpolation function the shape function at node 1 can be expressed as

N, (€n.C)=F,(e)f.(n)f,(C)= ((; __%2)) ((T?l_—?qzz)) ((ch_—%z)) (3.5.16)

c-1)  (n-1) (c—1
- —(1—(2) * 52—(2) * —(1—(1) :%@_&)(1_”)(1_@)

Using any of the above concepts, the interpolation function for 8-node brick element can be found as

follows:
N =51 E-n)(=0), N, =F{1+€)L-n)a—)
N =+ n)L-Q), N, =F1-)L+n)i-0), 8517)
NS:%@—ng~@a+g) N@:%@+§XLﬂﬁ@+C%
N7:%(1+§)<1+ﬂ)(1+®’ NBZ%(l—i)(lJrﬂ)(”Q

The shape functions of rectangular parallelepiped elements with higher nodes can be derived in
similar manner satisfying all necessary criteria.
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Lecture 6: Isoparametric Formulation

3.6.1 Necessity of Isoparametric Formulation

The two or three dimensional elements discussed till now are of regular geometry (e.g. triangular
and rectangular element) having straight edge. Hence, for the analysis of any irregular geometry, it is
difficult to use such elements directly. For example, the continuum having curve boundary as shown
in the Fig. 3.6.1(a) has been discretized into a mesh of finite elements in three ways as shown.

(a)

T,

(c) (d)

(a) The Continuum to be discritized (b) Discritization using Triangular Elements (c)
Discritization using rectangular elements (d) Discritization using a combination of
rectangular and quadrilateral elements
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Fig 3.6.1 Discretization of a continuum using different elements

Figure 3.6.1(b) presents a possible mesh using triangular elements. Though, triangular elements can
suitable approximate the circular boundary of the continuum, but the elements close to the center
becomes slender and hence affect the accuracy of finite element solutions. One possible solution to
the problem is to reduce the height of each row of elements as we approach to the center. But,
unnecessary refining of the continuum generates relatively large number of elements and thus
increases computation time. Alternatively, when meshing is done using rectangular elements as
shown in Fig 3.6.1(c), the area of continuum excluded from the finite element model is significantly
adequate to provide incorrect results. In order to improve the accuracy of the result one can generate
mesh using very small elements. But, this will significantly increase the computation time. Another
possible way is to use a combination of both rectangular and triangular elements as discussed in
section 3.2. But such types of combination may not provide the best solution in terms of accuracy,
since different order polynomials are used to represent the field variables for different types of
elements. Also the triangular elements may be slender and thus can affect the accuracy. In Fig.
3.6.1(d), the same continuum is discritized with rectangular elements near center and with four-node
quadrilateral elements near boundary. This four-node quadrilateral element can be derived from
rectangular elements using the concept of mapping. Using the concept of mapping regular triangular,
rectangular or solid elements in natural coordinate system (known as parent element) can be
transformed into global Cartesian coordinate system having arbitrary shapes (with curved edge or
surfaces). Fig. 3.6.2 shows the parent elements in natural coordinate system and the mapped
elements in global Cartesian system.

(0,0,1)

(1, 0,0) (0, 1,0)

\J
-~



4(-1.1)

1(-1.-1)

3 ':13.}'3]
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A

7
7

Y
S

= X

(a) Natural Coordinate System (b) Global Coordinate System

Fig. 3.6.2 Mapping of isoparametric elements in global coordinate system

3.6.2 Coordinate Transformation

The geometry of an element may be expressed in terms of the interpolation functions as follows.

X =N+ N+ Nx =D N,

i=1

" 3.6.1
y=Ny, + Ny, +. 4Ny, = > Ny, (36.1)
i=1

n
2=Nz,+N,z, +..+N,z,= > Nz,

i=1

Where,
n=No.of Nodes
N. =Interpolation Functions
X:,Y;,Z;=Coordinates of Nodal Points of the Element

One can also express the field variable variation in the element as
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#(&m )= Ni(&m )4 (3.6.2)
i=1
As the same shape functions are used for both the field variable and description of element
geometry, the method is known as isoparametric mapping. The element defined by such a method is
known as an isoparametric element. This method can be used to transform the natural coordinates of
a point to the Cartesian coordinate system and vice versa.

Example 3.6.1
Determine the Cartesian coordinate of the point P (&= 0.8, n=0.9) as shown in Fig. 3.6.3.

3(3.5.4.0)

-
=

F () 4(1.5,2.5)

2(3.0,1.5)

1(1.0,1.0)

Fig. 3.6.3 Transformation of Coordinates

Solution:

As described above, the relation between two coordinate systems can be represented through their
interpolation functions. Therefore, the values of the interpolation function at point P will be
N - (L-§@-n) _@-08)(1-09) ;e

4

N, - (1+ 5)4(1—n) _ @+ O.8§1—0.9) 0,045
N, = 1+ 5)4(1+ n _ @+ O.8£f1+ 0.9) 0,855
N, - (1—§Lf(1+ n _ (1—0.8):1+0.9) _0.095

Thus the coordinate of point P in Cartesian coordinate system can be calculated as
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x=3"N,x =0.005x1+0.045x3+0.855x3.5+0.095x1.5 = 3.275

M- 1M

I
=N

y Ny, =0.005x1+0.045x1.5+0.855%x4.0+0.095x2.5=3.73

Thus the coordinate of point P (= 0.8, n=0.9) in Cartesian coordinate system will be 3.275, 3.73.

Solid isoparametric elements can easily be formulated by the extension of the procedure followed for
2-D elements. Regardless of the number of nodes or possible curvature of edges, the solid element is
just like a plane element which is mapped into the space of natural co-ordinates, i.e,
E=+lnp=+1¢ =+1.

3.6.3 Concept of Jacobian Matrix

A variety of derivatives of the interpolation functions with respect to the global coordinates are
necessary to formulate the element stiffness matrices. As the both element geometry and variation of
the shape functions are represented in terms of the natural coordinates of the parent element, some
additional mathematical obstacle arises. For example, in case of evaluation of the strain vector, the
operator matrix is with respect to x and y, but the interpolation function is with £ and 7. Therefore,

the operator matrix is to be transformed for taking derivative with £ and 7. The relationship between

two coordinate systems may be computed by using the chain rule of partial differentiation as

O _00x 00y g0 _00x 0% (3.6.3)
o0& 0Ox90& 0y o¢ on 0xdn 0y adn

The above equations can be expressed in matrix form as well.

9| [ox d][o 0
o¢| _|0¢ a¢||ox ox
= =J 3.6.4
o [Tlox ayl|lo e (64
on on 0On||0y oy
x o :
The matrix [J] is denoted as Jacobian matrix which is: 25 26 . As we know, X :Z N; X,
ox oy =
on 0n
. . ox aZ_l:NiXi " oN,
where, n is the number of nodes in an element. Hence, J,, =—=— =y

= X.
o¢ o¢ =l

Similarly one can calculate the other terms Ji, Jo; and Jo, of the Jacobian matrix. Hence,
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ON,gON,
= = I
[J]= (3.6.5)
1\ ON, 1\ ON,
- X Z_Yi
= O = On
From eq. (3.6.4), one can write
9 9
OX -1 85
= 3.6.6
HSERE (366)
dy o0&
Considering | %' ~*| are the elements of inverted [J] matrix, we may arise into the following
21 22
relations.
0 « 0 « 0
=Jn =t —

ax Mo Py

ﬁ_‘]* -i—i—J* i
ay 21 85 22 (977

(3.6.7)

Similarly, for three dimensional case, the following relation exists between the derivative operators
in the global and the natural coordinate system.

o) [x y alfe 0
o5 | |08 & ¢ ||ox ox
O|_|&x oy al]o Z[J]:Z (3.6.8)
on| |on oOn On||oy oy
0 oXx oy oz ||o 0
oc) Lo o oc]lax o

Where,



oz |
o¢
oz
on
oz
oc

OX
S
OX
on
oX oy

[o¢ o
[J] is known as the Jacobian Matrix for three dimensional case
after simplifying one can get

oy
o¢
o
on

7]
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(3.6.9)

. Putting eq. (3.6.1) in eq. (3.6.9) and

oN,  oN, 0N,
X; Yi Z;
o0& o0& o0&
oy My Ny N, (3.6.10)
| on on on
ON, oN, ON;
X; Yi Z
Lo¢ ~ o¢ g
From eq. (3.6.8), one can find the following expression.
0 0
EX o¢
9 :[3]4 9 (3.6.11)
oy an
9 9
oz o¢
o I
Considering [J] " =| J;, J;, J;, |we can arrived at the following relations.
Ja I Ja
0 « 0 « 0 « 0
S L I I, R
8X 11 ag 12 877 13 3C
0 « 0 « 0 « 0
=0t 3.6.12
ay 21 35 22 877 23 (9( ( )
0 « 0 « 0 « 0
_=J, —+J, —+J,, —
62 31 85 32 877 33 aé.



Lecture 7: Stiffness Matrix of Isoparametric Elements

3.7.1 Evaluation of Stiffness Matrix of 2-D Isoparametric Elements
For two dimensional plane stress/strain formulation, the strain vector can be represented as

&

X

{5}: &[T

’7/xy

ou

EN

ov |

o |-
N oul e v
(Ox Oy Hoae

The above expression can be rewritten in matrix form

ou
S
ou
o
ov
o€
ov
a1

i

ou

Ez

ov

£z

ou

.o

2 on)
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(3.7.1)

(3.7.2)

For an n node element the displacement u can be represented as, u = Z N,u, and similarly for v &

w. Thus,
au] [N,
o0& o0&
du| N,
on| | On
ol
o0&
o
107

As aresult, eq. (3.7.2) can be written using eq. (3.7.3) which will be as follows.

ON, 0 0
o0& U
ON, 0 BIE
on u,
0 ON, ON, |V,
3 o¢ || :
0 ON, ON, (v,

on on

i=1

(3.7.3)
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ON, ON, 0 0 u;
0, 213 :
* 0 0
{8}— 0 0 Ju Iy "l "l 5N 5N Vn
X, 3. Il o 0 1 n || Ve
2 Yo Y Yp o 2 ||:
0 0 ON, ON,
om om J|v,
{g} = [B]{d} (3.7.5)

Where {d} is the nodal displacement vector and [B] is known as strain displacement relationship
matrix and can be obtained as

ON, ON_ .
3/ o¢
i Jo 0 0 %Nl 68'\'“ 0 0 (3.7.6)
B]=|0 0 Ju Jp| " " o o
oJ, J. I o 0 1 n
21 22 11 12 ag 8&
. 0 N ON.
on on

It is necessary to transform integrals from Cartesian to the natural coordinates as well for calculation
of the elemental stiffness matrix in isoparametric formulation. The differential area relationship can
be established from advanced calculus and the elemental area in Cartesian coordinate can be
represented in terms of area in natural coordinates as:

dA = dx dy =|J|dg dn (3.7.7)
Here |J| is the determinant of the Jacobian matrix. The stiffness matrix for a two dimensional

element may be expressed as

K= [ f (18] [D][BJd ==t f [ 8]'[D][B]axdy (3.7.8)

Here, [B] is the strain-displacement relationship matrix and t is the thickness of the element. The
above expression in Cartesian coordinate system can be changed to the natural coordinate system as
follows to obtain the elemental stiffness matrix
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+1 +1

k=t 18] [D]B]lacam @79

Though the isoparametric formulation is mathematically straightforward, the algebraic difficulty is
significant.

Example 3.7.1:
Calculate the Jacobian matrix and the strain displacement matrix for four node two dimensional
quadrilateral elements corresponding to the gauss point (0.57735, 0.57735) as shown in Fig. 3.6.4.

3(3,5,4,0)
4(1,5,2,5)

4 1(1,0,1,0) 2(3.0,1,5)

Fig. 3.7.1 Two dimensional quadrilateral element

Solution:
The Jacobian matrix for a four node element is given by,

n,ON, "L ON.
_IXi _IYi

[J]: i=1 85 ; af

1, ON, 1, ON.
_IXi _IYi
i On 2:1: an

For the four node element one can find the following relations.
(1_€>(1_n) ON, :_1—Tl ON, :_1_(@

N, = , ,

4 3 4 " on 4
G _@HOE-m) AN, 1w N, 14¢
i 4 T oo9g 4 O 4
\ _([@+€)+m) AN, _14m ON, _14€

4 0 47 0o 4



_(A-¢)@+n) ON, _ 14m N, _1-¢
) 4o 4 on 4
Now, for a four node quadrilateral element, the Jacobian matrix will become

[ON, ON, ON, ON,||X VY
G| 08,
ON, ON, ON; ON,(X; VY,
|On On In O X, VY,

1-n 1-m 14n 1+n] % Vi |

| 4 4 4 4 | % Y,

C1-g 148 14§ 1-€ [[X3 Y,

4 4 4 4 Xy Yal

Putting the values of £ & n as 0.57735 and 0.57735 respectively, one will obtain the following.

ON: _ 010566 IN: _ 010566
0§ on
N2 _ 010566 ON, _ 39434
0§ on
ONs _ 6 39434 ONs _ 0 39434
on
ONy _ 039434 ONs _ 10566
om
4L ON.
Hence, J,, = —=X, =—0.10566x1+ 0.10566x 3+ 0.39434x3.5—-0.39434x1.5=1.0

i=1
Similarly, J1, =0.64632, J,; =0.25462 and J»» =1.14962.
Hence,
1.00000 0.64632
0.25462 1.14962

Thus, the inverse of the Jacobian matrix will become:

7= i Jp|_[11671 —0.6561
J,,| |-0.2585 1.0152
Hence strain displacement matrix is given by,

*

‘]21
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ON, ON, 0 0
0¢ 23
* * N N
Jy Jd 0 0 83 L. 88 D 0 0
[B]: 0 0 Ju Iy "l L ON ON
Jy J Jy Il 0 - 0 8&1 . 8§n
0 0 ON, ON,
om om
1.1671 —0.6561 0 0
= 0 0 —0.2585 1.0152 | x
—0.2585 1.0152 1.1671 —0.6561
—0.10566 0.10566 0.39434 —0.39434 0 0 0 0
—0.10566 —0.39434 0.39434 0.10566 0 0 0 0
0 0 0 0 —0.10566 0.10566 0.39434 —0.39434
0 0 0 0 —0.10566 —0.39434 0.39434 0.10566
—0.0540 0.3820 0.2015 —-0.5294 0 0 0 0
= 0 0 0 0 —0.0800 —0.4276 0.2984 0.2092

—0.0800 —0.4276 0.2984 0.2092 —0.0540 0.3820 0.2015 —-0.5294

3.7.2 Evaluation of Stiffness Matrix of 3-D Isoparametric Elements

Stiffness matrix of 3-D solid isoparametric elements can easily be formulated by the extension of the
procedure followed for plane elements. For example, the eight node solid element is analogous to the
four node plane element. The strain vector for solid element can be written in the following form.



ou
ox
ou
oy
ou
] ez
. 10000000 Offp
g, 00001000 Offp
g, 0 0O00O0OOO OO 1||ov
79[ 1001010000 0fay
.! |00 000101 O0ffov
7x) |0 01 000 10 0]z
ow
o
w
oy
ow (3.7.10)
0z
The above equation can be expressed as
ou
o¢
au
au on
OX au
o _ _|o¢
ay J, Jd, Jd, 0 0 0 0 0 O0]|ev
ow 0 0 0 J, J, J, 0 0 0]|lo
NS LI S o
_U+@ ‘]21 ‘]22 ‘J23 ‘]11 12 13 0 O O 677
Kl Lo 0 0 3 3, 3 3 3y B
@4-@ _‘];1 ‘ng ‘];3 0 0 0 Jl*l ‘sz ‘]1*3_ 6§
oL oy ow
X, ow o
o0z 0X ow
on
ov (3.7.11)
o
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For an 8 node brick element u can be represented as, u =" ~N,u, and similarly for v & w.

i=1

SN, SN g O N,
o &or oy &t Hor &act
8 8 8
Yy, N _yNy g Ny, (37.12)
o0& |1a§ a77 i on 84’ i 0¢
w_ N, oW SN, g W SN,
o &az & Sor & "
Hence eq. (3.7.11) can be rewritten as
o¢
ON,
(3, J, Jd, 0 0 0 0 0 O] OEO
o 0 0 J, J, J, 0 0 O OO%U-
I I e 3 “luf T
‘]21 ‘]22 ‘]23 ‘]11 ‘]12 ‘J13 0 0 0 i=1 % % 0 W
Ja Ja Ju Ja I I on 04 '
Jn Jz J 0 0 0 J; J, U o N oN;
og  on
NN
L 0¢ ¢ |

Thu, the strain-displacement relationship matrix [B] for 8 node brick element is



Ny
o¢
S _ g N
J, J, Ji O 0 0 0 0 0 on
0 J;l J;Z J;3 0 0 0 0 0 ﬂ
* * * 8
B]=[2 2 2 0 0 0y e sl 5 | @71
‘]21 ‘]22 ‘]23 ‘]11 ‘]12 ‘]13 0 0 0 i=1 ﬂ % 0
Jy I Ju Jun Jn Jy on O
_‘J31 Jp Ji O 0 o J, Jp, ‘]13_ 0 % ﬂ
o¢ on
NN
L 0¢ ¢ |

The stiffness matrix may be found by using the following expression in natural coordinate system.

fff B [Dl[BJd0= fff ‘[o]e dxdydz—]lﬁ[B] [D][Bldedndc]y] 3712)
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Lecture 8: Numerical Integration: One Dimensional

The integrations, we generally encounter in finite element methods, are quite complicated and it is
not possible to find a closed form solutions to those problems. Exact and explicit evaluation of the
integral associated to the element matrices and the loading vector is not always possible because of
the algebraic complexity of the coefficient of the different equation (i.e., the stiffness influence
coefficients, elasticity matrix, loading functions etc.). In the finite element analysis, we face the
problem of evaluating the following types of integrations in one, two and three dimensional cases
respectively. These are necessary to compute element stiffness and element load vector.

Jo(e)de [o(em)dedn; [ o(gm.¢)dedndc; (38.1)

Approximate solutions to such problems are possible using certain numerical techniques. Several
numerical techniques are available, in mathematics for solving definite integration problems,
including, mid-point rule, trapezoidal-rule, Simpson’s 1/3rd rule, Simpson’s 3/8th rule and Gauss
Quadrature formula. Among these, Gauss Quadrature technique is most useful one for solving
problems in finite element method and therefore will be discussed in details here.

3.8.1 Gauss Quadrature for One-Dimensional Integrals

The concept of Gauss Quadrature is first illustrated in one dimension in the context of an integral in

the form of 1= f +ll¢(§)d§ from f XZf(x)dx. To transform from an arbitrary interval of x;<x <x,

to an interval of -1 <& < I, we need to change the integration function from f(X) to ¢(§) accordingly.
Thus, for a linear variation in one dimension, one can write the following relations.

1- 1
X :Tgler%gxz = N,x, +N,x,

1—(—1) 1-1
2 X, + 2 X, =X,
£=+4+1 X=X,

= f:f(x)dx = fjd>(£)d‘é

sofor £E=—1x=

Numerical integration based on Gauss Quadrature assumes that the function ¢(&) will be evaluated
over an interval -1 < £ < 1. Considering an one-dimensional integral, Gauss Quadrature represents
the integral ¢(&) in the form of

I = fj¢(i)di ~ Zn:W@(&i) W06, )+ Wob (€, ) et W0 (€, ) (3.8.2)
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Where, the &, &, &, ..., & represents n numbers of points known as Gauss Points and the
corresponding coefficients wi, Wy, ws, ..., W, are known as weights. The location and weight
coefficients of Gauss points are calculated by Legendre polynomials. Hence this method is also
sometimes referred as Gauss-Legendre Quadrature method. The summation of these values at n
sampling points gives the exact solution of a polynomial integrand of an order up to 2n-1. For
example, considering sampling at two Gauss points we can get exact solution for a polynomial of an
order (2x2-1) or 3. The use of more number of Gauss points has no effect on accuracy of results but
takes more computation time.

3.8.2 One- Point Formula
Considering n = 1, eq.(3.8.2) can be written as

[ o) ~ wiole,) (3.83)

Since there are two parametersw, and &,, we need a first order polynomial for ¢(&) to evaluate the
eq.(3.8.3) exactly. For example, considering, ¢(£)=a, +a,,
1
Error = f_l(ao +a,£ )dE —w,b(g,)=0
=28, —W, (ao ‘i‘aﬁl) =0
=a,(2—w,)—wag, =0 (3.8.4)

Thus, the error will be zero if w, =2 and £, =0. Putting these in eq.(3.8.3), for any general ¢, we

have

1= [ 11q>(g)dg —26(0) (3.8.5)

This is exactly similar to the well known midpoint rule.

3.8.3 Two-Point Formula
If we consider n = 2, then the eq.(3.8.2) can be written as

[ o()de mwio(e) +w0(c,) (386)

This means we have four parameters to evaluate. Hence we need a 3" order polynomial for (&) to
exactly evaluate eq.(3.8.6).

Considering, ¢(£)=a,+a,£ +a,5* +a,¢°

Error = ‘fll(ao +at +a,t’ +a3£3)d§] — Wy (&) + W0 (E,)]
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2
=2, _ﬁgaz —W, (ao +a,§; + a2&12 + asils) —W, (ao +ag, + az&z2 + as&zs) =0

2
= (2 —W,— Wz)ao _(Wl&l + Wzgz)al + [g_ nglz - Wzgzz]az - <W1£13 + W2§23)a3 =0

$(x)

Approximate =21 (0) ‘J

6(0)

Exactarea =" i (.r)a’.‘r

|
=

Fig 3.8.1 One-point Gauss Quadrature

Requiring zero error yields

w,+w,=2
ngl + Wz&.z =0

2 (3.8.7)
W1§12 +W2&§ ZE

W,E w3 =0
These nonlinear equations have the unique solution as

w,=w,=1 &E=-¢= —1/\/5 = —0.5773502691 (3.8.8)
From this solution, we can conclude that n-point Gaussian Quadrature will provide an exact solution
if ¢(€) is a polynomial of order (2n-1) or less. Table 3.8.1 gives the values of w, and &, for Gauss

Quadrature formulas of orders n = 1 through n = 6. From the table it can be observed that the gauss
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points are symmetrically placed with respect to origin and those symmetrical points have the same
weights. For accuracy in the calculation maximum number digits for gauss point and gauss weights
should be taken. The Location and weights given in the Table 3.8.1 must be used when the limits of
integration ranges from -1 to 1. Integration limits other than [-1, 1], should be appropriately changed
to [-1, 1] before applying these values.

Table 3.8.1 Gauss points and corresponding weights

Number of | Gauss Point Location, ¢, Weight, w,

points, n

1 0.0 2.0

2 +0.5773502692 (= +1//3) 1.0

3 0.0 0.8888888889 (=8/9)
+0.7745966692 (= j:\/g) 0.5555555556 (=5/9)

4 +0.3399810436 0.6521451549
+0.861363116 0.3478548451

5 0.0 0.5688888889
+0.5384693101 0.4786286705
+0.9061798459 0.2369268851

6 +0.2386191861 0.4679139346
+0.6612093865 0.3607615730
+0.9324695142 0.1713244924

Example 1:

Evaluate | = fol[eX — X22x szx using one, two and three point gauss Quadrature.

Solution:

Before applying the Gauss Quadrature formula, the existing limits of integration should be changed
from [0, 1] to [-1, +1]. Assuming, & = a+ bx, the upper and lower limit can be changed. i.e., at x =
0,(=-landatx =1, {=+1. Thus, putting these conditions and solving for a & b, we geta =-1 and
b = 2. The relation between two coordinate systems will become & = 2X —1 and df = 2dx.

Therefore the initial equation can be written as



S 25
Ifle[z][@[rl]zz]2 X
2

1| &
Or, I:if g 2 ——4<§tl> d¢
271 (£+1) -8

Using one point gauss Quadrature:
w, =2, ¢ =0 and
| 2 26(0)

Orlx?2 1[eo'5 —|—£] =2.22015
2 7

Using two point gauss Quadrature:

w,=w,=1
¢, = —0.5773502692
€, =0.5773502692

Putting these values and calculating, 1= 2.39831

Using three point gauss Quadrature:
w, = 0.555555556

& =-0.774596669

w, = 0.888888889
&, = 0.000000000
w, = 0.555555556

£ = 0.774596669
and | = 2.41024

This may be compared with the exact solution as |, = 2.41193

60
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Lecture 9: Numerical Integration: Two and Three Dimensional

Numerical integrations using Gauss Quadrature method can be extended to two and three
dimensional cases in a similar fashion. Such integrations are necessary to perform for the analysis of
plane stress/strain problem, plate and shell structures and for the three dimensional stress analysis.

3.9.1 Gauss Quadrature for Two-Dimensional Integrals
For two dimensional integration problems the above mentioned method can be extended by first
evaluating the inner integral, keeping n constant, and then evaluating the outer integral. Thus,

1= [ [ ofemdedn ~ [ lllizn;wid>(£wn)]dﬂ%Zn;wj[i;"w(iwm)l

Or,
n n

| ~ ww o (&,m;) (3.9.1)

=1 J:]_

i
In a matrix form we can rewrite the above expression as

#(&m) #(&m) #(&m) | [

Iz[wl WZ Wn] ¢(§2’771) ¢(§2’772) . ¢(§2’77n) V\.IZ (392)
#(&m) #(&m) #(&0i1) | (W,
Example 1:
y=d=4 x=b=3 ) )
Evaluate the integral; | = f f (1—x)" (2—y) dxdy

y=c=—4 x=a=2

Solution:
Before applying the Gauss Quadrature formula, the above integral should be converted in terms of
¢ and n and the existing limits of y should be changed from [-4,4] to [-1, 1] and that of x is from

[2,3] to [-1,1].
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X =

(b—a)£+(b+a)_ (£+5) i 96

2 2 2 2
y=<dgc)n+(dzc)=4n: dy = 4dn
n=+16=+1 n=+1¢=+1
|—2f f[3+§] 2 471 dgdn_ f fd)&n)d&dn
n=—1¢=—1 n=—1¢=-1
where (€)= 2[325] (2—an) =2(3+€f (1-20)
[_L_I_J o o 11
NERENCY 2,1 2.2 [ff}
] : 1,1 1,2 [ 1 1 ]
5 AR e
wF) L° B

Fig. 3.9.1 Gauss points for two-dimensional integral



L=— \/§ ‘i
o ][

3—|—7
d)(izﬂh) 2\/§ [2+%
1V
3+—F+=
¢(E2"n2) 2\/§ [Z_i
3—\/1§ 2 .
(|)<i1’n2>: 2 [2_$

I ={w, wz}lj;(&'“nl) (Exm,)

—a 1 54.49857 0.28093
B 118.83018 0.61254

3.9.2 Gauss Quadrature for Three-Dimensional Integrals

A

= 174.22222 agrees with the exact value 174.22222

T

] =54.49857

2
] =118.83018
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In a similar way one can extend the gauss Quadrature for three dimensional problems also and the

integral can be expressed by.

= [ [ olem@)dedndo = 35> waww,o (6,16,

i=1 j=1 k=1

(3.9.3)

The above equation will produce exact value for a polynomial integrand if the sampling points are

selected as described earlier sections.
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3.9.3 Numerical Integration of Element Stiffness Matrix
As discussed earlier notes, the element stiffness matrix for three dimensional analyses in natural
coordinate system can be written as

fff [B]' [D][BJd2 = fff (o] B]dxdde—TTT[B] [DI[Bldedndcfy| (394

Here, [B] and [D] are the strain displacement relationship matrix and constitutive matrix respectively
and integration is performed over the domain. As the element stiffness matrix will be calculated in
natural coordinate system, the strain displacement matrix [B] and Jacobian matrix [J] are functions
of ¢,mand(. In case of two dimensional isoparametric element, the stiffness matrix will be
simplified to

+1 +1

k]=t f f [B]" [D][B]d&dn|J] (3.9.5)

This is actually an 8x8 matrix containing the integrals of each element. We do not need to integrate
elements below the main diagonal of the stiffness matrix as it is symmetric. Considering,
q)(g,n) = t[B]T[D][B]|J|, the element stiffness matrix will become after numerical integration as

ZiiWiW@(&i,nj) (3.9.6)

Using a 2x2 rule, we get
[k] = led)(&lv Tll) +W,W,0 (ﬁl, M2 ) +WWi6 (gz ' Th) + W;d)(ﬂz ’ nz) (3.9.7)
Where w, =w, =1.0,¢, =n, =—-0.57735....,and £, =, =+0.57735.... Here, w, is the weight

factor at integration point n. A suitable computer program can be written to calculate the element
stiffness matrix through the numerical integration. The process of obtaining stiffness matrix using
Gauss Quadrature integration will be demonstrated through a numerical example in module 5.

3.10.4 Gauss Quadrature for Triangular Elements
The procedure described for the rectangular element will not be applicable directly. The Gauss
Quadrature is extended to include triangular elements in terms of triangular area coordinates.

I:ff(b(Ll,L2,La)dAmZn:Wi(j)((Lil,Liz,Liz)) (3.9.8)

Where, L terms are the triangular area coordinates and the w; terms are the weights associated with
those coordinates. The locations of integration points are shown in Fig. 3.9.2.
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{i) Linear triangle (1i} Quadratic triangle {iii} Cubic triangle

n=1

n=3 n=7

Fig. 3.9.2 Gauss points for triangles

The sampling points and their associated weights are described below:

For sampling point =1 (Linear triangle)

w, =1 L11:L12:L13:%
For sampling points =3 (Quadratic triangle)
1 1
VVl ::zg L%}ZZ L; ::EZ, L% - 0
WZZ% 120, Lg:Lg:%
w3:% Li:%, L, =0, L@:%
For sampling point = 7 (Cubic triangle)
le% L]EI.:L12:L13:%
8 1
VV2 — Eii Li_:: Lé ::EE, Lé — 0
8 1
Wo =5 L=0L =L =2
8 1
VV4 ::'Eii Li — Lé ::25' Lé — 0
3 5 5 5
Wsza LL=1L,=L,=0
_i L6 _ L6 _O LG _
W6 - 60 1 =37 Y =2
w 3 L'=L,=0,L,=1
7 1 2 1 =3

60

(3.9.9)

(3.9.10)

(3.9.11)
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3.10.5 Gauss Quadrature for Tetrahedron
The Gauss Quadrature for triangles can be effectively extended to include tetrahedron elements in
terms of tetrahedron volume coordinates.

I = ffd)(Lly L2| L3y L4)dA%ZWI¢<(L‘11 Li2’ I—i3, L|4))
A N (3.9.12)
Where, L terms are the volume coordinates and the w; terms are the weights associated with those

coordinates. The locations of Gauss points are shown in Fig. 3.9.3.

Fig. 3.9.3 Gauss points for tetrahedrons

The sampling points and their associated weights are described below:
For sampling point = 1 (Linear tetrahedron)

w, =1 L =L,=L,=L, :% (3.9.13)
For sampling points = 4 (Quadratic tetrahedron)

= % L} =0.5854102, L%, =L} =L’ = 0.1381966
W, = % L% =0.5854102, L2 =12 =12 = 0.1381966
) (3.9.14)
W, == L2 =0.5854102, L =% =L° = 0.1381966
4
w,—  L%—05854102,L¢ —L% —L* — 0.1381966
4

For sampling points = 5 (Cubic tetrahedron)



1 1
LiZE’LZZ :Lé:Li:E
1 1
Q—?Q:Q:Q:E (3.9.15)
1 1
Q:?QZQ:Q:E
1
6

1
QZ?QZQZQ:
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Worked out Examples

Example 3.1 Calculation of displacement using area coordinates

The coordinates of a three node triangular element is given below. Calculate the displacement at
point P if the displacements of nodes 1, 2 and 3 are 11 mm, 14mm and 17mm respectively using the
concepts of area coordinates.

1 Lo 1 1 23 1 8
A=2|1 x y|=5[1 5 4| =3[(380-12)- (12-9) + (8-15)] =5=4
1 X3 Y3 1 3 6
Lox y1 |1 3 4 | .
A= = 1 x, vy, :E 1 5 4 :E[(30'12)'(18-12)+(12-20)]:EZZ
1 x3 vy 1 3 6
3(3,6)
P(3.4)
1(2,3) 2(5.4)

Fig. Ex.3.1 Nodal coordinates of a triangular element

1 X Y 1 13 4 1 2
4y = L [1 x5 ys|=i|1 3 6| =1[(9-12)- (9-8) + (18-12)] =2=1
1 X1 Y1 1 2 3




1 x y 11 3 4 .

A== 11 x yif=51 2 3 =E[(8-15)-(12-20)+(9-8)]:
1 x vy, 1 5 4

le%:%:OS

Ny=22=2=025

N3:7—Z:O.25

U= Nyuy+Nyuy,+N3us
=05x11+0.25x14+0.25x 17 =13.25mm

2

2
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Example 3.2 Derivation of shape function of four node triangular element
Derive the shape function of a four node triangular element.

Fig. Ex.3.2 Degrading for four node element

The procedure for four node triangular element is the same as five node triangular element to derive
its interpolation functions. Here, node 5 and 6 are omitted and therefore displacements in these
nodes can be expressed in terms of the displacements at their corner nodes. Hence,

ug:& and UIGI 1+ 3
2 (3.11.1)
Substituting the values of u’s and u’ in eq.(3.3.8), the following relations can be obtained.
u, +u U, +u
u= N1u1+N2u2+N3u3+N4u4+N5M+ N6<3—;_l>
N N N; + N (3.11.2)
N [Nl+76]U1 +[N2 +75]U2 +[N3 +5—6]U3 + N4U4

Now, the displacement at any point inside the four node element can be expressed by its nodal
displacement with help of shape function.

u= Nju, +Nju, + Nju, + Nju, (3.11.3)
Comparing eg. (3.11.2) and eq. (3.11.3), one can find the following relations.
N 4L,L
N{:N1+76:L1(2L1—1)+ o, (1-2L,)
N 4L,L
N,=N,+—==1L,(2L, -1 23 — |, (1-2L
=Ny + ==L, (2L, ~ 1)+ — (1-2L,) (3.11.4)
N; = N, +Ns tNe er N _ L,(2L,—1)+ 4"2"3;4"3"1 =L,

N/ =N, =4L,L,

Thus, the shape functions for the four node triangular element are
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N{: L1(1_2L2>
N; = Lz (1_2L1)

(3.11.5)
Né =L,
N, =4LL,
Example 3.3 Numerical integration for two dimensional problems
3
Evaluate the integral: | = f(x2 +11x — 32)dX using one, two and three point gauss Quadrature.

-2
Also, find the exact solution for comparison of accuracy.

Solution:
The existing limits of integration should be changed from [-2, +3] to [-1, +1]. Assuming, ¢ = a+bx,

the upper and lower limit can be changed. i.e., at x, =—2,§, =—1 and at x,=3,&, =+1. Thus,

putting these limits and solving for a & b, we get a = -0.2 and b = 0.4. The relation between two
coordinate systems will become:

€ = _02404x or x =211

and dx = 2.5d¢

Thus, the initial equation can be written as

I_](x +11x - 32) dx= 25f[5§+1] +11[5§2+1] 32

-2

dg

() Exact Solution:
3

| :f(x2+llx—32)dx

-2

X 11X°

3 2

-2

99 8
—194+=2-96|—|——+22+64
N

= —37.5 —83.33333=—-120.83333
Thus, lexact = -120.83333



(i)  One Point Formula:

= [ o(e)de=wo(s,

For one point formula in Gauss Quadrature integration, W, =2, £, = 0. Thus,

2
|, =2%25 [SXOHJ +11[5X0+1]—32
5 lJFE—32]:—131.25
4"

Thus, % of error = (120.83333-131.25)x100/120.83333 = 8.62%

(iii)  Two Point Formula:
Here, for two point formula in Gauss Quadrature integration,

w,=w,=10and §, =-¢,= —%. Thus,

I, = W1¢(§1)+W2¢(§2>
5 Y _5 5 ? 5
=41 B | B | 2 41
1.0%2.5x V?’T +11V3T —32|4+1.0x2.5x V3T +11\/3T 32

=(0.88996 —10.37713—-32)x 2.5+ (3.77671+ 21.3771—-32)x 2.5
=—48.3333x 25
=—120.83325

Thus, % of error = (120.83333-120.83325)x100/120.83333 = 6.62x10™"

(iv)  Three Point Formula:
Here, for three point formula in Gauss Quadrature integration,

w, = 0.8889, ¢, =00

w, = 0.5556, £, =+0.7746
w, = 0.5556, £, =—0.7746
Thus,

|3 - Wld)(gl) + Wzd)(&z) + Wg(b(gs)
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5><0+1_32

|,—0.8889x 2.5x [SXO“

2
] +11x

+0.5556 % 2.5 —32

[ 2
5x0.7746 +1] L 11x 5x0.7746 +1

+0.5556 x 2.5 % —32

: 2
—5x0.7746 +1] 11, =5%07746+1

|, =0.8889x 2.5x[0.25+ 5.5 32
+0.5556 x 2.5 [5.9365 -+ 26.8015 — 32]
+0.5556 % 2.5 %[2.0635 —15.8015 — 32]

= 2.5 (—23.3336 + 0.4100 — 25.4120)

=—2.5%48.3356 =—-120.839
Thus, % of error = (120.83333-120.839)x100/120.83333 = 4.69x10™*. However, difference of
results will approach to zero, if few more digits after decimal points are taken in calculation.

Example 3.4 Numerical integration for three dimensional problems

Evaluate the integral: 1= j:llj:llill(l—zg)z (l—n)2 (3@—2)2 deédndC

Solution:
Using two point gauss Quadrature formula for the evaluation of three dimensional integration, we
have the following sampling points and weights.

w,=w,=1

£, =—0.5773502692

£, =0.5773502692

m, = —0.5773502692

mn, = 0.5773502692

(, =—0.5773502692

¢, =0.5773502692

Putting the above values, in ¢(&,m,()= (1—22)2 (1—n)2 (3Q—2)20ne can find the following values
in 8 (i.e., 2 x 2 x 2) sampling points.
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& (&, My, ¢, ) =160.8886
(&M, ;) =0.8293
€M G )= 115513
€M,,C,)=0.0595

(
(
(
(
(€,,m,¢,) = 0.8293
(
(
(

o o0 o o

gZ’nl’CQ) - 00043
€,,M,,¢ )= 0.0595
0 gzianz) =0.0003

Now, I:E

2 2 2
o
Thus, I=w,wW,w,d(&;,m,, ) +WW,W,0 (8, G )+ 4 WoW,W,0(8,,m,, G, ) = 174.222, where as
lexact = 174.222.

o

W, W w0 (€M G )



